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The Generalization of Jenkins Inequality
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1. Let S denote the familiar class of holomorphic and univalent functions f in the
unit disk | 2 | < 1 which have the form

f()=z+a2* + ..., 121<1, )

In [1] Jenkins obtained by means of his general coefficient theorem the sharp in-
equality for fE€ S:

3., 2 %o |
Re [(a; — a3) + 2x0a, )< 1+ x5 — xo log o —2<x, K2, )

which enables him to verify Bieberbach conjecture for the third coefficient, |a; | < 3.

In this note we will prove the extension of Jenkins' inequality (2) in which the right
hand side depends on the value of function in a fixed point of the unit disk.

Asa corollary we get (2) as well another proof of the fact that |a; | < 3in S.

Our tool will be the Pederson—Schiffer—Lebedev inequalities (3], [2]. The
proof of these inequalities in [3] is based on variational method. Hovever, Lebedev's
proof [2] has an elementary character and follows directly from ordinary . Grunsky
inequalities and Bieberbach transformation for odd univalent functions from S. So we
may claim that the inequality | a5 | < 3 is also the consequence of Grunsky inequalities.

2. Let a be arbitrary fixed number such that 0< |a | <1 and f (@) =d = Re'®, fES.

Forming the function
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d—f(z)
F(z\v= /——‘_—"—' " €S, 3
L et ¥

we define the coefficients A;np, dmp, Dmn by the expansions (| z | and | £ | are suffi-
ciently small):
F@)—-F@® _
[F@+ FElE—§& m.n=o
V(1 —-zfa)(1 —at) — (1 —tfa)(1—az) g men
] = mn b
% VT2 =70 + VA =G0 =2) Ja-5) moawo ™ ¢ )

log Amnz™E" v

V(I —az)(1 —at) + lal V(1 —z/a) (1--E/d) o -

B 6
& V(1 -3z)(1 —at) ~ lalV (1 —z/a)(1 - £/a) m oneo et &

We have

Lemma 1. [2]. Let f € S and the coefficients Amp, mn, bmn are given by (4)—(6),
where F is defined in (3). Then for any complex numbers xx, yx, k =0, , ..., N,
N =0, 1, ..., the following inequalities

1 N II N S N -

| Z Amn—8mn)Xmynl < ( I DuXmXn)( & bmnYm¥n) (@)
"'m,n=0 U m,n=0 m,ne=0

hold.

The expansions (4) —(6) and some formulae given in [2] allow us to find the coeffi-
cients Ay p, Gmn, b Which look as follows:

Amn = Anm , mp = Gpm . bmn = bpm
- lopfe) T 1—lal’ b = 1og 111
Aw = 98(4‘1 | 20 = log ( 42 ). o0 = log I—lal
(8
A + 1 1+]a? 5 a
=g e o a = =y = — —
o1 1 2d ol 2a o1 lal
) i) Q-lapy , 1+laf?
= — — a A —e =
n =@ — a1) i n 847 n el

We will need the following result which belongs to Grunsky [e.g. 4]. Nevertheless this
result follows from (7) as well if we put xg = yg #0and xx = yx =0,k =1,2,.. N
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Lemma 2. If f € S then for fixed a, 0 < | a | < 1, the region of wariability of
log f (a)/ a is the closed disk

f(@)

a

1+]a|
1—1a]

|Iog +Iog(l-|a|’)!<log

Corollary, If fE S then for fixed a, 0 <|a| <!, the following sharp estimates
la| la|

—— < |f@)| <« ———
a+lan OIS GToy L
f(a) 1+]aj
< |

| arg | < tog T (10)
hold.

3. We have

Theorem 1. If fE S, then for any real x, the following inequality holds

1+ 1=r?

Re [(a; —a§)+ 2x0a; ) < x} log R ( ¥ i + x| 53y cosfh — % cos¢]+

1. 1=~y 1472 ((§))

1
+ g [ cos20 — grcos2¢]+ -

wherea =re'® r€(0,1),f(a) = Re'®, 0 and ¢ are real numbers.
Proof. Let us put N = 1, x4 = yo = real number and x, =y, =1 in (7). We obtain
the inequality:

(Ao = Go0) x3 + 2 (A0 — @yo) Xo + (An — an) IS

(12)
<|bw|.\'o|1+2x° Rebo|+bl| l.
Putting (8) into (12) we get
(1=lal?)
@ = ady+ 2x0m) = [xh togf@ ————+
1+laf? 1 po @ —la ) .
+xy ( = f(a)) + 3 2 f,(a))} | (13)
1+]al?
<|x} 1 g Xo Re — L I
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The inequality (13) can be considered as the disk where lies the expression [(a3 —a}) +

+ 2 xqa,] for f€ Sandevery real xg.

Inequality (11} implies (13) if we take into account its geometric interpretation.

In what follows we will use the denotations:

a is fixed number, g = re®, 7 € 0,1);

e,n i) ewz = 1

’ - »

el/l +1 ew/) +1

I1(f)= Re [(a3 —a}) + 2x0a1}, fES;

X 1 3
® (R, ¢)=x} logR— — cos — —= cos2¢, f(a)=Re'";
R 8R

2 fag iy
(1+r + xg (1—r)

(a-£y 1+ 1
+ ————— cos20+ :
8 R? 2r

¥ (8,7, xo) = x3 log cos 6 +

r

A
A A I+r
cosp=—2xR, ¢=log ; .
—-r

(19)

(15)
(16)

a7

(18)

Theorem 3, If f€ Sand a, 0 <|a | <1 is fixed number, then for any real x, the

following inequalities hold:
forr€(0,A)and x, >0
a
H)—¥0.rx)<®(R ¢);
forr€(0,A)and xy <0
‘& (R, 0) if —2x0R >}
I(f)-¥(©0.r,x)< {®RP)if cs§ < —2xR<I
_¢(R,$) if cos 2 —2xoR;
forr€{A,B)and xo 2 0

A @
,®)if —2xoR > cos ¢

K] (R
1(f)—¥(©,r.x0)< q>(R,$)if-2xoR<cos$;

forr€[A,B)and xo <0

PR, 0)if —2oR> 1
1(f)—¥(@©,r,x0)< {¢(R,$) if —zxZR<l;

(@)

(19)
(1Y)

(20)

(by)

1)

(b3)
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forr€[B,1)and xy 20 (c1)

® (R, 8) if —2xoR>—1
1) =¥ 0.r.x)< {tb(R. ) if—:x:R<—l; (23)

forr€|[B, 1)and xo <0 (c3)

if —2x0R<1
H-venms [BED T RS @

Proof. Under the denotations (15)—(17) inequality (11) takes the form
I(HSDP(R, )+ V¥ (6.1 x0).

Now, we are looking for maximal value of ® (R, ¢) with respect to ¢ = arg f (2). We can

restrict ourselves to the case 8 = 0 becausc the class S is rotationaly invariant, From (10)

we have | ¢ | =¢ =log(l + r)/ (1 — r)and under this restriction we find max @ (R, ¢).
We have ¢

d, (R, ¢)=0=sin¢ (cos¢) +2xoR)=0.

2
So max ® (R, ¢) can be attained for 9= 0 or¢=nor¢ = 8 or ¢ = ¢ (if we forget about
°

multiplicity of 2m).
Simple considerations imply:

‘¢ (R, 0) if —2xoR2 1
max ¢ (R.9)= | P(R, g) if cos ¢ < —2xoR<I
2 & (R 9) if cos ¢ > —2xR

in the case r € (0, B) and

¢ (R, 9\) if —2xgR 2 1
max P (R, ¢) = bR ) iIf =1 < —2xgRS
e (R, M) il —2x%R < -1,

in the case r€ |8, 1).

It we take into consideration the cases for xo and cos ¢o =cos [log (1 +r)/(1—1r))
where they are positive or negative then we get (19)—(24) which ends the proof,

From (23) and (24) one can get the tollowing

Corollary 1. Let fESand xo ER. Ifr€(B, 1) then
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1
x3 +x3 log | f(a) |+ W‘*‘l‘(o.hxo) if2lx [1f@I<1
1(f)< (25)
[ x| 1
x3 log | f(a) |+ * +W¥ (0,7, x0)

1f@)] 81f@1?
if2lxel1f(@121.

In particular we have
Corollary 2. Let fE Sand r €[B, 1). Then for x, € R the following inequalities hold:

= 1 —r) 147
r+ —3-x.’)+x§log + ¥ (0,7 x0) if—g—z—)—— <|x‘,|<(—2Z
r r

z 200
A Fy27) = a+r? (40
xo log ——— + | x| - stV (0.7, x0)
(l+f) r 8r (l+r}3
iflxo 12

2r

If we take into account that the function ¥ (0, 7, x,) is decreasing w.r.t.r € (0, 1)then
we get in the Emit case 7 - 1 the Jenkins inequality:
Corollary 3. Let f€ S and xo € R. Then the following sharp inequalities holid:

o X
1+ %x%—x% tog 2L 7 1x01<2
1¢0)= (26)
41x0l—1 if 1x0l22.

»
The extremal function in (26) is described in [1] for | xo| < 2 and for [ xo | 2 2 the ex-
tremal function is Koebe function.
Corollary 4. Let fE€Sandr€ (B, 1).If

(a—r |< 1+ 1ogR[(+ r)?/r)

Rea; —
2r - 2R
then 2
(a-r)
Reay - ——mm8M88 a
Reds < (Reay)? [Rea, T , L, a=ry , 17 .
ea ea - e
g g (+r) 8R? 8 R? 2r )
14 logR ———

Proof. From the first line of (25) we have

(1 +r)? (-n?

Rea; < Reaj +x3 [I +log R ]-- 2xo [Rea; —

1+ (28)
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If we find minimum of the right hand side of (28) then we get (27).
Corollary §. If fESand r€ (B, 1), then

- 1+r? 72 2
oy ]+logR—(——r—-)— l+losR£+—r)—
-r
RCG;< + _— r +
. 2r 2R o 4 R?

(29)
1 a-r~y 1+ 72
+ +

8 R? 8r 2r

Proof. It is sufficient to find the maximum of the right hand side of (27) w.r.t.Rea,.

Corollary 6. If f € S, then Re ay < 3 and the sign of equality holds only for
Koebe functions.

Proof. By straightforward calculation we find that the right hand side of (29) as the

- r r
function of R € | Rl 5 ] isdecreasing, so its maximum is attained for
(1+r) (-—=r)

R= (_H——)T. which corresponds to the Koebe function. The value of this maximum
r

is equal to

L[ a4t sy o sa-=ry | 20-n

8ol r r r

The above expression is decreasing in (0, 1), which implies for r - 1, that Re ay < 3 for
every function fE€ S.
Corrolary 7. IffES, then foreverya, 0<|a | <1

11232 2
(1—1al®) o 1 ]I< 1 +1lal|

—_gh) —
,(a) al) [ 8“2 8!2(‘1) 2Ia|

(30)

Inequality (30) is sharp and the extremal function is Koebe function
Proof. Put X0 = Vo =0, X1, )1 ec- X1 ¢0n M ¢01 Xk =0- Yk =0f0|’k>21n(7).
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STRESZCZENIE

Praca zawiera zastosowanie nierownosci Pcdersnna-—Schiffera—Lebedeva {2], (3] do dowo-
du rozszerzontj wergji nieréwnosci Jenkinsa dia funk Jgi klasy S.
Otrzymana nieréwnos¢ uwzglednia wartoic funkdi w ustalonym punkcie kota jednostkowego.

PE3IOME

B paGore nomahw NpumeHeHR HepamexcTBa [lepepcoua -Ingepa -fleGenesa (2], [3] ma
DOKA3ATENLCTBA PUCLO pEHHO MO HEpaBCHCTDA THNA JLKeHKHHG Mg Knacaa §.

MNonysennoe HepascHCTBO yuMTLBAET JHaucHne PYHKIUMA B QUK CHPOBAHHOR TOYKE EHHHIHOIO
Kpyru.



