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Introduction: Let 4 denote the class of functions f(z) = z + p) a,2z" which are
n=2

regular in the unit disc E ={z: |21< 1}. We designate by S the subclass of univalent func-
tions in 4 and by S* and X the subclasses of S whose members are starlike and convex in
E, respectively. Finally, we let R stand for the family of functions f € 4 which satisfy the
condition Re f '(z) >0, z € E. It is known that R is a subclass of S. In 1952 Zmorovi¢
[6] put the question whether R was a subclass of S*. Later, Krzyz {3] gave an example of
a function f € R such that f € S*. The problem of determining the radius of starlikeness
of R is one of the open problems in the theory of univalent functions (see Goodman [1]).
V. Singh and R. Singh {5] in 1977 showed that the radius of starlikeness of R was not
less than 0.8534.

It is well known that if f € 4 and | zf "(z) / f '(z)| < 1, z EE, then f is univalent and
convex in E. In Theorem 1 of this paper we prove that one can replace the constant 1
by a larger one and still preserve the univalence (in fact, starlikeness) of f. In Theorem 2
we consider Zmorovic’s problem for a subclass of R.

We shall need the following result due to Jack [2].

Lemma 1. Let w(z) be regular in the unit disc E, with w(0) = 0. If | w(z)|  attains
its maximum value in the circle |z|=rat a point z,, then we can write

zow;(zo) =k w(zq),

where k is a real number > 1.
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Theorem 1.If f belongs to A and satisfies |2f "(z) / f'(z)|< 3/2 in E, then f belongs to
S* and the function F, defined by

2
F@)= ;g‘ f(e)dt (1)

isin K.
Proof, Let us define a function w in £ as follows:

')

=1 2
@ +we) ()

clearly w(0) = 0. To prove that f € S*® it suffices to show that Iw(z)I<1 in E,
From (2) we obtain

7@ w'(2)
'@ — 1+w@) @)

To prove that | w(z) < 1 in E, assume that there exists a point z, in £ such that

max | w(z)!= lw(zo)l= 1. Applying Lemma 1 to w(z) at the point z4 and letting
lzI€ | z4!

2ow '(29) / W(2o) =k, so that k 3 1, we obtain from (3)

zof "(20) , P
= le” +
rizg 1 +ef®
which contradicts our hypatesis that |zf"(z) / f'(z)l < 3/2, z € E. This contradiction
establishes that Iw(z)1<1 in E and the assertion that f € S* follows.
To show that the function F, defined by (1), is in K, we observe that our hypothesis:
I 2f "(2) / f '(z)! < 3/2, z € E, implies that Re (1 + 2f "(z) / £ '(z)) >~ 1/2, in E. The
desired result now follows from [4], Cor, B. Theorem 1.
Theorem 2. Let f € R and define g by

£(2)= o;'f(—:) dt.

3
> 5.w<zo)=é°..

Theng €S*®.

Proof. Since £ € R, we have Re (f(z)/z) >0, z € E and hence it follows that g belongs
to R.
We are given that

Re [g'(z) + 22"(2)]) >0,z EE. “4)
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Define a function w in E as follows:

28'(2) _1+w@)
g@)  1-w(@)

(5)

clearly w(0) = 0, w is regular in £ and of course w(z) # 1,z €E. To prove that g belongs
to R it clearly suffices to show that Iw(z)I<1 in E.
From (5) we obtain

g(2) /1+W(z)\2 N 2zw'(2)

B- (2} 25 . \l -w(2) ) (1 -w()) 4

Let us suppose that there exists a point zq in E such that : lmax ' Iw(@)|=Iw(ze)l=1.
zl< | z,

Putting z = 2z, in (6) and applying Lemma 1 to w(2) at the point z,: letting zow'(zo) =
=k w(2,), so that k3> 1, and w(zo)=e€'®, 0< 8 < 2, we obtain

i6 i0
Relg (o) + 208"(20)] = Re{ ) Elfei,, ) = ] ™

2 1—~e (1- e"o)"

It is readily seen that forall §, 0 < 8 < 2, the expression within the square brackets
is a negative real number. Also, since g € R, we have Re (g(z0)/20) > 0. Thus (7) contra-
dicts our hypothesis (4). This contradiction proves that |w(z)I<1in E and the assertion
of our theorem follows.
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STRESZCZENIE
Niech
f@=z+ £ an '
ns=a

bedzie funkcjg regularng w kole jednostkowym E. W pracy otrzymano nast¢pujgce wyniki:
(i) Jedi

I2f"@/ 1@< 3
w kole E, to fjest funkcjg gwiaZdzistg, a catka

@/2) [ f@yar
0

funkcjq wypuktq w tym kole.
(ii) Jedli Re f'(2) > 0 w kole E, to catka

;z t"' f@)dr
0

jest funkcja gwiazdzista w tym kole.

PE3IOME
Nycrs

= 7 n
f(2) z+":‘:l ap 2

ronomopdHasn GpyHKUHA B oauHTyHOM Kpyre E. [lonyueHo cienyoiue pe3ynsHanml:
(i) Ecn

12£"@/f'(2)1< %
B E, Torna a 3se3gHoo6pa3na a

@/2) ;’f(r) dr

Bhinyxnas E.
(ii) EcnnRe £’ (2) > 08 E, Torna

;'r “ VS de
]

3BeagHooGpaina B £.



