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On the Testing of the Linear Hypothesis for the
Model of Normal Regression

O werylikowaniu liniowej hipotezy dla modelu normalnej regresji

O DpoBepke JIHHEHHOH rUmoTe3b A8 MOJENAH HOPMAJILHOA perpeccHM

1. Theorem

The problemi of my previous work [1] is developed in the present
paper, so we use the same matrix notation.
Theorem. Let the components Yy, Yz, ..., Yn of the column wvector y of

nl
the ultiple regression wmodel u = E(y) = X be independent random
up pl
variables normally distributed with means p,, py, ..., u, and common

variance o®. Besides, let r(X) 1. e. the rank of matrix X be equal to the number
p of parameters f and let the hypothesis that ¢ = L y = ¢, be true, where

ﬂl_ ql gm ml gl
Y
r(L) =q and y = Py is the subvector of vector § = | ™' |. Then the
- Pm- j2
-p—m,1-

random variable

(L7 — o) (L8"L*) " (Ly— o) (y—XB)"(v—XB)
q ) n—p

(1) F

has F distribution with ¢ and n—p degrees of freedom, where S = XX

PP
11 Slz' - .
[S I and vy is the estimate

and 8" is submatriz of the matriz 8~' = | 5
S 8%

of the parameter y.
Proof. We use theorem 8 (cf. loc. eit.), which says that under th.e
above mentionned assumptions, if the hypothesis that ¢ =& = ¢, 18
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true (where £ = £ and r(Z) = q), the random variable
ap

_ (ZB—9)"(ESTE) (Zf—g0) (y—XP)*(y—XP)

q ' n—p
has F distribution with ¢ and n—p degrees of freedom. As usual,
B = 8~'X*y. In order to do this, let us consider Z = [L. 0 ]. Then

ap am ¢,p-m

(2) F

W -
p=&f=[L 0 ] "S‘ l:Ly, so £ = Ly and ZS8~'Z* =[L 0]x
am ¢, p—-m
_p-m,1_
S“ Sl: . : LO
X Sﬂ S"’] [L 0] = [LS“;LS”][O,] = LS“L".

The proof of the theorem is concluded if we substitute £Z3 = Ly and
LS~'L* = LS"L* into the expression (2).

2. Applications

1°, Let us put ¢ =1 and ¢, = 0. Then LS"L* and Ly are numbers
80 we obtain (LS"L*)~' = 1/LS"L* and (Ly)* = Ly. Since § = 8~ ' X"y

m m
we obtain Var(L y) = Var(} Ly) = 3 GVar(y)+ X LLCov(ys, y) =
1m ml {1 fml ini

m m’
= 3 3LLs?e* = LS"L*. Thus the random variable (1) can be written

{=] f=l
as follows

_ P (—XB y—XB)
"~ Var(Ly)’ n—p

with », =1 and v, = n—p degrees of freedom.
Consider a model of one-way classification

y{,=di+6‘y, 1.———‘1,2,...,[, j=1,2,...,'n‘-.
We want to test the hypothesis that L y = 0 where

1m ml
- - al 1
"1 i | &
L={L}, k=1,2,....,m, m<I, y=|7:] and ﬁ=l.3;|= Am
m ml i i |
_Ym.- qf’_‘fd
ar

2 Yes

It is easy to verify that in this case y, =y, = —

and Var(Ly) =

’
1
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m : m la
= Va.r(z Lykl = o> Y =%, The random variable
= il =1 %

(3 W) Xy—7.)
kel . i

F = = 1
SBm "
k=1

with 1 and n—1I d. f. can be used to test the hypothesis mentioned above.
20 In the model of two-way classification

;‘/iil=l‘+ai+ﬂ1+eiﬂ7 ":=1727°-'s1
[ A PR T p——

l=1,2,...,nq4

we can use the theorem to verify that comparisons of some parameters a,

or of some parameters j; are equal to zero. Before doing this it is necessary

to reparametrize the model to obtain non-singular matrix § = X*X,
The same situation holds in the case of the model

Yy =pt+otey, +=1,2,..,I; j=1,2,...,m

because then the determinant of the matrix S is equal to zero.
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Streszczenie

W niniejszej pracy, bedacej kontynuacja pracy [1] przedstawiam
dowd6d nastepujacego twierdzenia:

Niech skladowe Y, Yyy ..., Y, weklora kolummowego y wielokrotnego mo-
delu regresyjnego =
(1) p=2Ey) =X

np pl

bedq normalnymi niezaleinymi zmiennymi losowymsi o Srednich p,y py, ... pin
t wspdlnej wariancji o®. Nadto, niech rzqd macierzy X bedzie rowny liczbie p
Parametréw f i niech prawdziwa bedzie hipoteza

(2) g=L y =g

ql qm nl ql

Annales t. XVI, 1962 7



98 Wiktor Oktaba

8-
gdzie rzedem macierzy L jest q i y = |B. | jest podwektorem wektora

= ‘ﬂm'

4
g = ':;' . Wtedy zmienna losowa

_p—m,1.|
(3) p_ L7 —@) (L8 L)Ly —¢0) (y—XP)(y—xP)
q n _p

ma rozklad F z q i n-p stopniami swobody, przy czym S = X*X ¢ 8" jest
PP mm

11: Ql2
iS >
podmacierzq macierzy S~* =[ ----- ' _] i y jest ocenq parametru y.
LA |

Poza tym zamieszezam kilka przykladéw, w ktérych korzystajae
z formy zmiennej (3) mozna zweryfikowaé hipoteze (2) gloszgcs, ze q
kombinacji liniowyech m parametréw f,, B,, ..., fn przybiera ¢ danych
z gory wartosei.

Peswome

B aToit pafoTe, cocraBisole npogoia:kenne pabotol [1], Mbi npex-
CTaBJIAeM [0Ka3aTelbCTBO Cielylollefl TeopeMhl.

ITycmb KOMNOHEHMBL Y, Y gy ..., Y, CMO.161€6020 6EKMOPA Y MOgeaAU MHO-
nl
JcecmeeHHoll pezpeccuu
1) p=E@y =Xp
np pl

O6ygym HOpMAAbHLIMU HE3ABUCUMBIMU CAYHATHBIMU 8eAUNUHAMUI C MAMemamU-
YECKUMIl ONCUGAHUIMU [y, fgy « ..y ty U € 0OWell gucnepcueil o*. Kpome mozo,
nycmb panz mampuyst X 6Gygem pasen wucay p napamempos f u nycmo
aunomesa

(2) g=Ly=g

ql qm nl ql

By
Ba

6ygem npagu.wbna; pane mampuys L paeen ¢,a y = ﬁ 6.104HOMY
m-

%
8eKmopy eekmopa f = ":sl . Toega cayuaiinaa eeauMUHA
pl
P-m,]

_ (Ly—po)"(LS"L*) ' (Ly— @) (y—XB)*(y—XB)
q ' n—p

(3) F
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caegyem 3axony F o qun—p cmeneneil ceobognl, 2g¢e 8 = X*X, a 8"
mm

1 g1z
aeasemca 6aouHoil mampuyell mampuysn 8~ = [Sﬁ;-séz], y Mce aeasemca

oyeHkoll napamempa 7y.

Hakoneny MBI anum HeCKOJbKO NPHUMEpPOB, B KOTOPHIX MOJb3yACh Be-
JHYHHOR (3), MOMHO NMPOBCPUTL HYJIEBYIO rumortedy (2), KoTopas riacuT
4T0 ¢ JAMHEHAnX KoMOuMHauuih m nmapamertpos f,, fis, ..., fm MMewOT onpe-
AeNéHHHE 3HAYeHMA.






