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ABSTRACT. Let Bgm(b), 0 < b < 1, denote the class of functions F(z) =
b+ A1z+ A2z2 + A3z3+ ..., analytic and univalent in the unit disk U, which
satisfy the conditions F(U) C U, 0 g F(U), Im F(™)(0) = 0, n = 1,2,...,
A; > 0. The class Bgm(b]. introduced by the authoress in [8], [9], is a
subclass of the class B, of bounded, nonvanishing, univalent functions in
the unit disk. The last class and closely related ones have been studied
recently by various authors in [6), (2], [1], [3], [7]. There was found the
exact lower bound of the coefficient A3 in the class Bgﬂ)(b)‘ The result was
obtained by using the estimates of the functional a3 + aaz in the family
of univalent, bounded and symmetric functions. The lower bound of this
functional was found by Jakubowski in [5].

Introduction. Let Bf,m(b), 0 < b < 1, denote the class of all functions F
that are analytic, univalent in the unit disk U and satisfy the conditions:
F(U)c U, F(0)=b, 0¢ F(U), Im F™(©0)=0, n=1,2,.., F'(0)>0.
Let

F(z) =b+ Ajz+ A2 + A32° + ... (1)
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L(z)= K™! ( a 4bb)2 (1\"(2) + %)) @)
=b+ Biz+ B2’ + B3Z* + ...,

and

where K(z) = z/(1 - 2)?,

_ 4b(1- b)
T4
_8b(1 — b)(b + 26— 1
B, = =4 (1)i T ), 3)
By = 20 =8) 50y |y _30p),

(1+ b

L(U)=U\(-1,0]. It is known from [7], [8], that

4b(1 — b)
<—
0<A1_ 1+b .
—8b(1 — b)(b2 _ ~
8b(1 — b)(b? + 2b 1)‘ 0<b52\/3—1,
5 (1+06)° 3
=b(1-6)"< A <
L=l 23 1<h<1
b+2° 3 - ‘

Let B’:')R)(b,T), 0 < T < 1, denote a subclass of such functions from
R)(b), that A, = [4b(1 - b)/(1+ b)]T. Bf')R)(b,T) are not empty because
L1(z) = L(Tz) € B (5,T). Moreover B®(b) = Uper<, By (b,T) and

B},m(b,T) is a compact family. Hence there exists in this family a function
with the smallest coefficient A3 and

inf A3 = inf min  Aj|.
Bgnhib) 0<TS1 BSR)(b'T)

Let now S{R)(T) denote the class of all functions of the form
f(2) = T(z + azz? + az2® + ...), (4)
that are analytic and univalent in U and satisfy the conditions f(U) € U,

Ima, =0 n =2,.... The class Bf)ﬂ)(b,T) is related with the class Sim(T)
through the function (2).



Estimate of the Third Coefficient ... 171

In fact, if f € Siﬁ)(T), then Lo f € BgR)(b,T) and conversely if
F e B{P(b,T), then L7 o F € S™(T). The relation F = Lo f, the
formulas (1), (2), (3), (4) and an application of the formula

i 4(b* +2b—1) ( 32b ) 2)
Ay = BlT(a;; (l+b}3 Tay 4+ (3 (l—}-b)" I (5)

allow us to express the coefficient A3 of a function from B((,R)(b,T) through
the coefficients a; and a3 of the function from S}R’(T).

1. Estimation of the coefficient A3 in the class BE,R)(b,T). To find
the lower bound of the right-hand side of (5) we will use the Jakubowski
Theorem [5], p. 213:

Theorem. Let R, 0 < T < 1, denote the family of functions analytic and
univalent in U of the form

f(2) = b1(z + az2* + a3z + 4.
where f(U) € U, Ima, =0,n=1,2,...,b; > T. Let
G(f) = a3 + aay, (6)
where a > 0. For each function f € Ryp:

>13 2a+2(a—4)T+5T2 for a > 4(1-T),

2 \ - o? + T? for0 <a<4(1-T). g

This estimate is sharp and the extremal functions w = f(z) satisfy the
equations

w Tz
T+wp (Lt 5
Tw+w)=z+z"" +lcr, 9)

2

respectively.

Remark 1. In the case a < 0 the lower bound of G( f) is given by

13+2a—2(a+4)T+5T2 for a < —4(1 - T),

\\
G(f) 2 | -1-1a? + 72 for —4(1-T)<a<0.

(10)
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This estimate is sharp and the extremal functions w = f(2) satisfy

w Tz
ST T (1)

1
T(w+w")=z+z'1+§a. (12)

respectively.

In fact, let us notice that if f belongs to Rt then also — f(—2) is in R,
and hence the sets of values of the functionals a3z + aa; and a3 —aa; coincide
and if f minimizes the functional a3 + @a; then — f(—2) minimizes a3 — aa;
and conversely.

Remark 2. Since for the extremal functions (8), (9) or (11), (12) we have
by = T, it follows that the bounds (7) and (10) occur also in the class

SiR)(T) which is a subclass of the class Rr.

Let us put o = [-4(b* +2b—1)/(1 +b)*]T in (6). f 0 < b < V2 -1
then a > 0, hence, according to (5) and (7), we have following inequalities
in the class B((,R)(b,T):

o+ o~ 25) )

. 2 2
BIT(3_ 16 . 1601+b)?, ) (1+b) S
A+02 T (+0b) 5)
- 166 (1 + b)?
T - <
I\BIT((1+b)"F l) for 0<T< R

and the extremal functions are compositions of the function L with the
functions w = f(z), where

w Tz

. 20p + 202 1)
T+uy -~ (1+27

(1+5)?

or T(w+w ') =z42""1~ T,

respectively.

If, on the contrary, v/2 — 1 < b < 1 then a < 0, and hence, according to
(5) and (10), the following inequalities hold in the class B(m(b T):

A3 = BiT (G(f)+ (3 - (133;)4) T2)
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' 165(b + 2) 1662(b% + 4b + 5), ;)
B\T (3- Gy T 0757 T)
(1 +b)?
> ¢ —— <
> for BB+ S T<1, (14)
166 |, , (14b)
s < DN
B;T(“+b)4T 1) for 0<T—2b(b+2)

and the extremal functions are compositions of the function L with the
functions w = f(z), where

w _ T
(1-w)2 ~ (1-2)2

respectively.

2(b* +2b—1)
(1+06)?

or T(w+w™?)=z+4+2z""1-~ ¢ 4

2. Estimation of the coefficient A3 in the class Bf,n)(b).

Theorem. In the class B{" (b)

10 — 54b% + (7 — 9b2)3/2 1
—2b(1 — b2 < e 11
s ( ) 27(1-{-()2)2 for 0<b 2\/3’ (5)
e 1
————l—b‘ for — <b< 1. (16
3\/— ) or Wik (16)

These inequalities are sharp. The extremal functions are compositions of
the function L and the functions w = f(2), where

= g b —ﬂ 2
(1+w)?  (1+2)?* 4= 12(1 + b?) (1+b)% (17)
1) = —1_2(b2+2b—l) _(1+b)2
Ol bl =7 s e U

respectively.
The first function maps the disk U onto U \ (—1,0]\ [c,1), where c is a
smaller root of the equation

, 1(1;2 4+ /7= 957

— —_— —2 =
= (1 5) b))cH i
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and the second one maps the disk U onto U \ (-1,¢]\ [d,1), where c is a
smaller root of the equation

c 1 2V3b -1

(1-¢)?  (1-b)22v3+b+2°

and d is a smaller root of the equation

d 1 2V/3b + 1

(1-dp®  (1-0)22/3-b-2

Proof. In order to find the infimum of the coefficient A3 in the class

B[l','n')(b) it is necessary to calculate the infimum with respect to T' € (0, 1] of

the functions that are on the right-hand side of the inequality (13) in the

case 0 < b < /2 — 1, and inequality (14) in the case v2-1<b< 1.
Let 0 < b < /2 — 1. Let us put:

16 T2+16(1+b2)T3 (148 7o)
P(T) (1+b)* (L4064 " ° Qas B LIE o

= ¢

|——16b2 ™ _T ocr< LHO°

L (1 +b)4 . = g

First, we are going to find the infinum of P(T) in the interval
[(1+b)%/2,1]. Since Ty 2 = [(4 £ V7 — 9b2)/12(1 + b?)](1 + b)? are zeros of
the derivative P'(T), T} < (145)%/2for0 < b < v2—1and T; < (1+b)?/2
for ﬁ? <b<V2-1aswellas T, €[(1+b)%/2,1]for 0 < b< ﬁ;, then

( _ (1+b)?10 — 54b% + (7 — 9b2)3/2
s e 12(1 + b2)2
1
[(1+§>I)l°f/2 1] 5 (1+ b)? (1+)? .
, (L) L 00
2 2

for —<b< V2 i 20
\/— (20)

Analogously, looking for the infimum of P(T) in the interval
(0,(1 + b)?/2], we notice that for 0 < b < 1/2/3 we have

[0’ (1 + b)2/2] C [TlvTZ]’
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where Ty, = +(1 + b)?/(4v/3b) are zeros of the derivative P'(T), and
Ty € (0,(1 +5)?/2) for ;1= < b < v/2 — 1. Hence

: (1+6)*\  (1+40b)
P( : )_-——2——(1-41)2)

; il g 24 had s 91
otz T ST 51 ReanB Gy

P(Ty) = "(l(:f;;)b)z for Q'W <b<ve-1. (22

Comparmg the estimates (19) and (21), we come to a conclusion that for

0<b< 7 the coefficient A3 of an arbitrary function from the class B‘ )(b)

satisfies the inequality (15) and the equality occurs for the composition of L
and the function (17). Comparing the estimates (20) and (22), we conclude
that for 2—"7? < b < v/2 -1 the coefficient A3 of an arbitrary function from

the class BBR)(b) satisfies the inequality (16) and the equality occurs for the
composition of the function L and the function (18). Let now v/2—1 < b < 1.
Let us put

16b(b+2),. 166%(b* +4b+5), ., (1+b)?
g DAL <T<
P(T) = [3T T A (F T ) R
o T 0cT < LD
L (1 + b)* i 2b(b+2)

First, looking for the minimum P(T') in the interval [(1 + b)?/(2b(b + 2)), 1],
we conclude that

4(b+2) £ V7b% +28b + 19
Th,2

; 2
e T T B

are zeros of the derivative P'(T) and T; < (1 + b)?/(2b(b + 2)). Hence
P((1+b)2\ (1+b)%(b +4)

P = 2(b + 2)3

26(b+2) ) (23)

inf
[(1+6)2/(2b(b+2)),1]

Analogously, looking for the minimum P(T') in (0, (1 + 5)?/(2b(b + 2))], we

conclude that

(1+0)°
4+/3b

(1+b)°

' _ o
P(T)=0 for T1p==% Wb+ )

and T, <
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Hence ( b)2 ( b)2
: 1+ 1+

f P(T)= P|—5~) = -———~.

(0.(14+6)3 ) (25(8-+2))] ™ ( 4/3b ) 6+/3b

Comparing (23) and (24) we come to a conclusion that for V2 -1<b < 1
the coefficient Az of an arbitrary function from the class B‘([)R)(b) satisfies the
inequality (16) and the equality occurs for the composition of the function
L with the function (18). The theorem is thus proved.

(24)

Remark 3. There is also known the upper bound of the functional a3 + aa;
in Rt (4], but by using this estimate we can not find the exact upper bound

of A3 in the explicit form in the whole class BgR)(b).
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