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Abstract. Let 0 < 6 < 1, denote the class of functions F(z) —
b + Aiz + A-2Z2 + A3Z3 +analytic and univalent in the unit disk U, which 
satisfy the conditions F(U) C U, 0 £ F(U), Imf(n)(o) = 0, n = 1,2,..., 
Ai > 0. The class introduced by the authoress in [8], [9], is a
subclass of the class Bu of bounded, nonvanishing, univalent functions in 
the unit disk. The last class and closely related ones have been studied 
recently by various authors in [6], [2], [1], [3], [7]. There was found the 
exact lower bound of the coefficient A3 in the class The result was
obtained by using the estimates of the functional 03 + ora 2 in the family 
of univalent, bounded and symmetric functions. The lower bound of this 
functional was found by Jakubowski in [5].

Introduction. Let 0 < b < 1, denote the class of all functions F
that are analytic, univalent in the unit disk U and satisfy the conditions: 
F(U)cU, F(0) = &, 0£F(U), ImF<n)(0) = 0, n = l,2,..., F'(0) > 0. 
Let

F(z) = b + A\Z + A222 + A3Z3 + ... (1)
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and
IW=K''((T^(KW + I))

= b + B\z + B2z2 + B3z3 + •••,
(2)

where K(z) = z/( \ — z)2,

Bx

B2

b3

46(1 - 6)
1 + 6

-86(1 - 6)(62 + 26 - 1) 
(1 + 6)3

46(1 - 6)

(3)

(1 + 6)5 (3(1 + 6)4 - 326),

L(U) = U \ (-1,0]. It is known from [7], [8], that

46(1 - 6) 
1 + 6

-6(1 - 6)2 <A2<

—86(1 - 6)(62 + 26 - 1) 
(1 + 6)3

1 - 62
6 + 2 ’

0<6< |\/3-l,

|>/3 - 1 < 6 < 1. 
*5

0 < A <

Let Bq (b,T), 0 < T < 1, denote a subclass of such functions from 
Z?0R'(6), that +1 = [46(1 — 6)/(l + 6)]7\ BQR\b,T) are not empty because 
LT(z) = L(Tz) 6 B(R\b,T\ Moreover B(0R\b) = U0<t<i and

Bq (b,T) is a compact family. Hence there exists in this family a function 
with the smallest coefficient +3 and

B
inf A3 infO<T<1 min

'R)(6,T)

Let now 5jR\t) denote the class of all functions of the form

f(z) = T(z + a2z2 + a3z3 + ...), (4)

that are analytic and univalent in U and satisfy the conditions f(U) E U, 
Im an = 0 n = 2,... . The class 5^(6,T) is related with the class SjH\T) 
through the function (2).
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In fact, if f E S[R\t), then io / G BQR\b,T) and conversely if 
F € B{R\b,T\ then L~' o F € S[R)(T). The relation F = L o f, the 
formulas (1), (2), (3), (4) and an application of the formula

= <5>

(R}allow us to express the coefficient A3 of a function from B'o (b,T) through /
the coefficients a2 and 03 of the function from SJ '(T).

1. Estimation of the coefficient A3 in the class BęR\b,T). To find 
the lower bound of the right-hand side of (5) we will use the Jakubowski 
Theorem [5], p. 213:

Theorem. Let Rt, 0 < T <1, denote the family of functions analytic and 
univalent in U of the form

= b^z + a2z2 + a3z3 + ...),

where f(U) E (7, Iman = 0, n = 1,2,..., hj > T. Let

G(f) = 03 + «a2, (6)

where a > 0. For each function f E Rt:

J 3 — 2o + 2(a — 4)T + 5T2 
(/)“ I — 1 —|a2+T2

for a > 4(1 - T), 
for 0 < a < 4(1 — T). (7)

This estimate is sharp and the extremal functions w = f(z) satisfy the 
equations

w Tz
(1 + w)2 = (1 + z)2’

T(w + w-1) = z + z-1 +

respectively.

(8)

(9)

Remark 1. In the case a < 0 the lower bound of G(f) is given by

„„.J 3 + 2a - 2(q + 4)T + 5T2 
G</ ‘ l-l-fo’+T2

for a < —4(1 - T), 
for — 4(1 - T) < a < 0. (10)
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This estimate is sharp and the extremal functions w = /(z) satisfy

w Tz
(1 - w)2 “ (1 -z)2’

T(w +w"1) = z + z-1 +

(11)

(12)

respectively.

In fact, let us notice that if f belongs to Rt then also -/(-z) is in Rt, 
and hence the sets of values of the functionals 03 + 002 and 03-002 coincide 
and if f minimizes the functional 03 + 002 then — f(—z) minimizes 03 — 002 
and conversely.

Remark 2. Since for the extremal functions (8), (9) or (11), (12) we have 
61 = T, it follows that the bounds (7) and (10) occur also in the class 
Si )(T) which is a subclass of the class Rt-

Let us put o = [-4(62 + 26 — l)/( 1 + b)2]T in (6). If 0 < b < \/2 — 1 
then o > 0, hence, according to (5) and (7), we have following inequalities 
in the class 5^(6, T):

= («(/)+(3-^)r‘)

' BlT(3-

>

J6 r+ 16(1+ 6)2'ŁtA
(1 + 6)2 (1 + 6)4 J

for (1 t-6-2- < T < 1,

for 0 < T <
(l+v (13)

and the extremal functions are compositions of the function L with the 
functions w = f(z), where

w
(1 + w)2

Tz
(1 + z)2

or T(w + w ’) = z + z 1
2(62 + 26 — 1)

(1 + 6)2 ’

respectively.
If, on the contrary, \/2 — 1 < b < 1 then a < 0, and hence, according to 

(K\(5) and (10), the following inequalities hold in the class B'o (b,T):

A, = BlT(G(/)+(3-(^)T!)
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>

BXT (3 _ 166(6+ 2)t + 1662(62 + 46 + 5)y^
(1 + 6)2 (l + 6)<

fOT ra5 T 5 *• <14’ 

for0<TSTO’
and the extremal functions are compositions of the function L with the 
functions w = f(z), where

w
(1 - w)2

Tz
(i - *y

or T(w + w ’) = z + z 1
2(62 + 26 - 1) 

(i + by

respectively.

2. Estimation of the coefficient A3 in the class SqR\6). 

Theorem. In the class 6^(6)

A3 >
- 26(1 - 62) 

2

2x 10 — 5462 + (7 — 962)3/2 . . . . 1
27(1 + 62)2

3^3
(1-62)

for 0 < 6 <

1
2^3’

for —7= < 6 < 1. 
2y/3 "

(15)

(16)

These inequalities are sharp. The extremal functions are compositions of 
the function L and the functions w = f(z), where

w _ Tz 
(1 + w)2 ” (1 + z)2’

4 + ^7 - 962 
12(1 + 62)

(1 + 5)2, (17)T =

T(w + w 1) = z + z 1
2(62 + 26 - 1) (1 + 6)2 

(1 + 6)2 ’ 4x/36 ’ (18)

respectively.
The first function maps the disk U onto U \ (—1,0] \ [c, 1), where c is a 

smaller root of the equation

c2 4 + \/7 - 962 
12(1 + 62)

2\2(1-62) c+ 1 = 0,
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and the second one maps the disk U onto U \ (—1, c] \ [d, 1), where c is a 
smaller root of the equation

_c__  _ 1 2a/36 - 1
(1 -c)2 “ (1 - b)2 2-73 + b + 2’

and d is a smaller root of the equation

d _ 1 2\/36 + 1
(1 — d)2 ” (1 — 6)2 2\/3 - 6 — 2

Proof. In order to find the infimum of the coefficient A3 in the class/ D\
Ix0 ’(b) it is necessary to calculate the infimum with respect to T € (0,1] of 
the functions that are on the right-hand side of the inequality (13) in the 
case 0 < b < \/2 — 1, and inequality (14) in the case \/2 — 1 < b < 1.

Let 0 < b < \/2 — 1. Let us put:

3T -
16

P(T) = <
(1 + 6):

;T2 + 16(1 + 62) 3 
(1 + 6)4 ’

1662
(1 + *)

GW
2

0 < T <

<T < 1, 

(1 + 6)2_O"»0   rrt
4 1 ’

First, we are going to find the infimum of P(T) in the interval 
[(1 + 6)2/2,1]. Since T\>2 — [(4 ± V7 - 962)/12(l + 62)](1 + 6)2 are zeros of 
the derivative P'(T), Tj < (l + 6)2/2 for 0 < b < \/2- 1 and T2 < (l + 6)2/2 
for ^1= < b < \/2 — 1 as well as T2 € [(1 + 6)2/2,1] for 0 < b < then

p(t2) = - (1 +6)2 10 - 5462 + (7 - 962)3/2
12(1+ 62)2

for 0 < b < —(19)
inf P(T) = 

[d+(.p/2,i]
2\/3

(1 + 6)2
(1-462)

for —^7= < b < y/2 — 1. 
2\/3 “ "

(20)

Analogously, looking for the infimum of P(T) in the interval 
(0,(1 + 6)2/2], we notice that for 0 < b < l/2\/3 we have

[0,(1 + 6)2/2] C [Ti,T2],
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where Pi ,2 = ±(1 + 6)2/(4a/36) are zeros of the derivative P'lT), and 
T2 G (0,(1 + b)2/2) for < b < y/2 - I. Hence

(l + b)2 (1 — 4b2)

inf P(P) = 
(0,(l + 6)2/2]

W)
(1 + 6)2

6v/36

for 0 < b < —
~ 2\/3

for —-= < b < \/2 — 1. 
2>/3 “ “

(21)

(22)

Comparing the estimates (19) and (21), we come to a conclusion that for 
0 < b < the coefficient A3 of an arbitrary function from the class P(nH) (b) 
satisfies the inequality (15) and the equality occurs for the composition of L 
and the function (17). Comparing the estimates (20) and (22), we conclude 
that for < b < \/2 — 1 the coefficient A3 of an arbitrary function from
the class BgK\b) satisfies the inequality (16) and the equality occurs for the 
composition of the function L and the function (18). Let now v/2—1 < b < 1. 
Let us put

3P
166(6 4-2) , , 16b2(b2 + 4b + 5) 3

P(T) =
16b2

(1 + fr)'

(l + b)2 

-P3 - P,

-P +
(l + b)<

(1 + &)2
2b(b + 2)

<T <1,

(1 + fe)2
2b(b + 2)'0 < T <

First, looking for the minimum P(P) in the interval [(1 + b)2/(2b(b + 2)), 1], 
we conclude that

^1,2
4(b + 2) ± V7b2 + 28b + 19 

12b(b2 + 4b + 5)

are zeros of the derivative P'(T) and T2 < (1 + b)2/(26(b + 2)). Hence

inf
[(l + 6)2/(26(b+2)),l)

(1 4-b)2 \ 
2b(b + 2)/

(1 + b)2(b + 4) 
2(b + 2)3 (23)

Analogously, looking for the minimum P(P) in (0,(1 + b)2/(2b(b + 2))], we 
conclude that

P'(P) = 0 for and T2 <
(1 + 6)2 

2b(b + 2)'
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Hence

inf P(T) = P
(0,(l + 6)2/(2ft((>+2))]

(24)

Comparing (23) and (24) we come to a conclusion that for \/2 — 1 < b < 1 
the coefficient A3 of an arbitrary function from the class BQR\b) satisfies the 
inequality (16) and the equality occurs for the composition of the function 
L with the function (18). The theorem is thus proved.

Remark 3. There is also known the upper bound of the functional a3 + oa2 
in Rt [4], but by using this estimate we can not find the exact upper bound 
of A3 in the explicit form in the whole class BQR\b).
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